Fractionalized Topological Insulators by Maciejko, Joseph & Fiete, Gregory A.
ar
X
iv
:1
50
5.
01
39
8v
2 
 [c
on
d-
ma
t.s
tr-
el]
  3
0 O
ct 
20
15
Fractionalized Topological Insulators
Joseph Maciejko1, 2, 3, ∗ and Gregory A. Fiete4, †
1Department of Physics, University of Alberta, Edmonton, Alberta T6G 2E1, Canada
2Theoretical Physics Institute, University of Alberta, Edmonton, Alberta T6G 2E1, Canada
3Canadian Institute for Advanced Research, Toronto, Ontario M5G 1Z8, Canada
4Department of Physics, The University of Texas at Austin, Austin, Texas 78712, USA
(Dated: September 12, 2018)
Topological insulators have emerged as a major topic of condensed matter physics research with
several novel applications proposed. Although there are now a number of established experimental
examples of materials in this class, all of them can be described by theories based on electronic
band structure, which implies that they do not possess electronic correlations strong enough to
fundamentally change this theoretical description. Here, we review recent theoretical progress in
the description of a class of strongly correlated topological insulators — fractionalized topological
insulators — where band theory fails dramatically due to the fractionalization of the electron into
other degrees of freedom.
The field of topological insulators (TI) is now approx-
imately a decade old, and there are a number of excel-
lent reviews available, from both an experimental and
theoretical perspective1–4. Our goal in this article is to
provide a progress report on a specific subdirection that
has developed rapidly in the last few years—the theo-
retical study of phases of matter that, while conceptu-
ally related to topological insulators, cannot be described
by an electronic band structure because of the fraction-
alization of the electron into other degrees of freedom,
driven by strong electronic correlations. This latter sce-
nario has earlier precedents in the Mott insulator (which
exhibits the separation of spin and charge) and the frac-
tional quantum Hall effect (which has excitations with
only a fraction of the charge of the electron), but ac-
quires a distinct flavor when applied to topological in-
sulators. By taking fractionalized topological insulators
as an example, we hope to convey the broader message
that the class of materials commonly known as topologi-
cal insulators barely scratches the surface of the possible
types of topological materials, once electron correlations
are taken into account.
SPLITTING THE ELECTRON APART
We restrict our discussion to two and three spatial
dimensions, as fractionalized excitations in gapped one-
dimensional systems are subject to confining forces that
prevent them from propagating over macroscopic dis-
tances. Since we focus on systems not described by
band theory, we merely note in passing that interactions
can drive a topologically trivial phase into a topologi-
cal band insulator through the spontaneous generation
of spin-orbit coupling5,6 or magnetic order7, or through
the renormalization of electronic bands8. By contrast, in
the phases we highlight below the quantum numbers of
the electron break apart, implying that the latter is not
a sharply defined quasiparticle and the system cannot
be adequately described by an electronic band structure.
The chief theoretical challenges for the study of fraction-
alized topological insulators are: (i) to describe them in
a conceptually convenient way, (ii) to predict the condi-
tions under which they are expected (i.e., find the set of
Hamiltonians that support them), and if possible (iii) to
provide a list of specific candidate materials that can be
investigated experimentally. The field is presently at the
stage of tackling challenges (i) and (ii), with relatively
little work on (iii).
A convenient way to describe the basic properties of
fractionalized topological insulators is the slave-particle
approach. In the present context, it answers the follow-
ing question: What new state of matter does one get if
electrons inside a topological insulator fractionalize into
other degrees of freedom? The answer depends on the
type of topological insulator with which one starts, as
well as the assumed pattern of electron fractionalization.
From these basic inputs, the slave-particle approach pre-
dicts the universal properties of the resulting fraction-
alized topological insulator, such as the quantum num-
bers and quantum statistics of low-energy excitations,
the degeneracy of the ground state on surfaces of vari-
ous topologies, and quantized electromagnetic, spin, and
thermal response properties (Table I). The slave-particle
approach does not, however, solve the much more diffi-
cult problem of the classification of all possible correlated
topological phases—which goes beyond the scope of our
focused review—because a generic correlated topological
phase may not always be understood as originating via
fractionalization from a noninteracting topological insu-
lator. More sophisticated methods such as the group
cohomology9,10 and cobordism11 approaches have been
recently developed to address this considerable challenge.
Besides fractionalization, to obtain an exotic topologi-
cal phase one typically assumes that some of the fraction-
alized degrees of freedom form a topological band insu-
lator. The latter can thus be seen as a nonfractionalized
parent state from which fractionalized daughter states
can be constructed (Table I, first two columns). The
nontrivial response properties of the parent state combine
with the fractional quantum numbers of the fractional-
ized degrees of freedom to yield even more exotic response
2parent state fractionalized state d symmetry EM response spin response thermal response
CI CSL 2 σxy = 0 σ
s
xy = 0 κxy/T = 2
QSH fractionalized QSH 2 TRS σxy = 0 σ
s
xy = 0 κxy/T = 0
TI/WTI TMI/WTMI 3 TRS θ = 0 θgrav = pi (TMI)
TCI TCMI 3 mirror
CI CI* 2 σxy = 2 σ
s
xy = 0 κxy/T = 2
QSH QSH* 2 TRS σxy = 0 σ
s
xy = 2 κxy/T = 0
TI TI* 3 TRS θ = pi θgrav = pi
CI FCI 2 σxy = 1/3 σ
s
xy = 0 κxy/T = 1
QSH FQSH 2 TRS σxy = 0 σ
s
xy = 2/3 κxy/T = 0
TI FTI 3 TRS θ = pi/3 θgrav = pi
TABLE I. Summary of the d-dimensional fractionalized topological insulators discussed in this article and their universal
response properties (acronyms are defined in the main text). σxy : Hall conductance in units of e
2/h; θ: coefficient of the E
¯
·B
¯term in units of e2/2pih; σsxy: spin Hall conductance in units of e/4pi for a system with conserved z component of spin; κxy/T :
thermal Hall conductance divided by the temperature, in units of pi2k2B/3h; θgrav: coefficient of the gravitational equivalent of
the E
¯
· B
¯
term, responsible for a surface quantized thermal Hall effect.
properties for the daughter state. This scenario occurs
in slave-particle mean-field studies of models of topologi-
cal band insulators subjected to strong electron-electron
interactions. Besides interacting with external fields via
their fractional quantum numbers such as spin or charge,
the fractionalized degrees of freedom also interact with
emergent gauge fields. As in quantum chromodynamics
(QCD), these gauge fields are confining in a conventional
phase where fractionalized degrees of freedom—“quarks”
in the QCD analogy—do not exist at low energies as
long-lived, propagating excitations. Inside a fractional-
ized topological insulator, the gauge fields are deconfined
and allow the fractionalized degrees of freedom to lead an
existence of their own. The gauge fields themselves ad-
mit propagating excitations—the gauge bosons—which
can be gapless or gapped, depending on the type of gauge
field and the nature of the parent topological phase.
FRACTIONALIZATION AND NEW PHASES OF
MATTER
The first pattern of electron fractionalization to be con-
sidered in the context of strongly correlated topological
insulators was spin-charge separation, originated in the
study of the Luttinger liquid in 1D and the Mott tran-
sition in 2D12,13. The electron is assumed to fractional-
ize into a charged, spinless, bosonic rotor and an elec-
trically neutral, spinful, fermionic spinon, coupled by a
U(1) gauge field (Fig. 1). The electronic quasiparticle
weight is proportional to the expectation value of the
rotor field. The resulting theory typically has two dis-
tinct stable phases: a weakly interacting phase where
the rotors undergo Bose condensation and the rotor field
acquires a nonzero expectation value, and a strongly in-
teracting phase where the rotors are uncondensed. In
the weakly interacting phase, the electronic quasiparti-
cle weight is finite and the electronic band structure is
well defined, while in the strongly interacting phase the
quasiparticle weight vanishes due to strong rotor fluc-
tuations, corresponding to a Mott phase. In the latter
case, the spinons acquire a band structure of their own
which, if gapped, can be classified by the usual topologi-
cal invariants2,3. In 2D, Chern-insulator (CI) or Z2 topo-
logical insulator band structures for the spinons lead to
a chiral spin liquid14 (CSL) or a fractionalized quantum
spin Hall (QSH) insulator15,16, respectively. The frac-
tionalized QSH insulator is only stable in the presence
of additional layers containing enough gapless spinons to
screen the U(1) gauge field and avoid the instanton effect
that causes confinement15. In 3D time-reversal invari-
ant systems, the Mott phases are called strong topolog-
ical Mott insulators17 (TMI) or weak topological Mott
insulators18 (WTMI) depending on whether the spinons
form a strong or weak Z2 topological insulator, respec-
tively. The same analysis applied to systems with mirror
crystalline symmetries leads to the concept of topological
crystalline Mott insulator19 (TCMI). All these 3D frac-
tionalized topological phases have gapless surface modes
of spinons with the properties that electrons would have
in the corresponding noninteracting topological phases,
but in addition have a bulk gapless “photon” mode from
the emergent U(1) gauge field17,20. However, there is no
quantized electromagnetic response of the E
¯
· B
¯
type1–3
because the spinons are electrically neutral. To identify
this class of spin-charge separated states experimentally,
methods similar to those proposed or used to identify
quantum spin liquids21 should be applied. One should
observe a bulk contribution to the low-temperature spe-
cific heat arising from the gapless photon mode, although
it could be difficult to distinguish from the phonon con-
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FIG. 1. Fractionalized topological insulators accessed by
the U(1) slave-rotor description. Outside the material, the
charged bosonic rotor (blue sphere) and the neutral fermionic
spinon (red sphere) are confined together to form an elec-
tron. Inside the material, they become deconfined particles
and interact via an emergent U(1) gauge field (green wiggly
line). In the 2D chiral spin liquid (a), these particles acquire
semionic (i.e., half-fermionic) statistics and there are chiral
edge states of spinons. In the 2D fractionalized quantum spin
Hall insulator (b), the spinon edge states are helical. In the
3D topological Mott insulator states (c), the U(1) gauge field
is gapless in the bulk, and there are gapless Dirac-like spinon
surface states.
tribution. In addition, one could imagine detecting the
linearly dispersing surface spinon modes via the observa-
tion of 2D spin or heat transport localized at the surface
of the material.
A different pattern of electron fractionaliza-
tion originated from theories of high-temperature
superconductivity22 assumes that the electron fraction-
alizes into a neutral, spinless, bosonic slave-Ising particle
and a charged, spinful slave-fermion, coupled by a Z2
gauge field23 (Fig. 2). This type of fractionalization may
appear trivial, as the slave-Ising particle carries neither
the charge nor the spin of the electron. The resulting
fractionalized phases, however, are far from trivial.
As in the U(1) theory, the Z2 theory typically has a
non-fractionalized weakly interacting phase where the
slave-Ising particles Bose condense, and a fractionalized
strongly interacting phase where they are uncondensed.
By contrast with the U(1) theory however, in the Z2 case
the slave-fermion carries the charge of the electron, thus
the fractionalized phases inherit the electromagnetic
response properties of the parent topological band
insulator. In 2D, Chern-insulator and Z2 topological
insulator band structures for the slave fermions lead to a
correlated Chern insulator24 (CI*) with quantized Hall
response and a correlated quantum spin Hall insulator25
(QSH*), respectively. These are fully gapped phases
with intrinsic topological order of the double-semion
and toric-code type, respectively. In 3D time-reversal
invariant systems, a Z2 topological insulator band
structure leads to a strongly correlated topological
insulator26 (TI*) that, unlike the TMI described above,
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FIG. 2. Fractionalized topological insulators accessed by the
Z2 slave-Ising description. Outside the material, the neutral
bosonic slave-Ising particle (orange sphere) and the charged
slave-fermion (purple sphere) are confined together to form
an electron. Inside the material, they become deconfined par-
ticles and interact via an emergent Z2 gauge field (orange
wiggly line) that supports pi-flux vortex excitations (orange
disk). In the 2D correlated Chern insulator (a), vortices ac-
quire semionic statistics and there are chiral edge states of
slave-fermions. In the 2D correlated quantum spin Hall insu-
lator (b), vortices have semionic mutual statistics with slave-
Ising particles and slave-fermions, and the slave-fermion edge
states are helical. In the 3D correlated topological insulator
(c), the pi-flux vortex becomes a bulk vortex loop, and there
are gapless Dirac-like slave-fermion surface states.
exhibits a quantized E
¯
· B
¯
electromagnetic response and
has no gapless bulk excitations. The TI* is a true 3D
topological phase whose bosonic sector is described by
a topological BF theory27,28 that imparts a relative
statistical angle of pi between bulk particle and loop
excitations and is responsible for a nontrivial topological
ground-state degeneracy.
Finally, there are even more exotic fractionalized
phases in which the electron with charge e splits apart
into three fermionic partons of charge e/3 (Fig. 3). In 2D,
when these partons form noninteracting integer quantum
Hall states one obtains the familiar fractional quantum
Hall states. In the conceptually similar case of a Chern
insulating band structure, one obtains fractional Chern
insulators (FCI)—fractional quantum Hall states that ex-
ist in the absence of an external magnetic field. There
is already a sizeable literature on FCI, and we direct the
reader to existing review articles on the subject29,30 for
more information and original references. If the frac-
tionally charged fermions form a time-reversal invari-
ant Z2 topological insulator, one obtains a fractional
quantum spin Hall insulator or 2D fractional topologi-
cal insulator31–35 (FTI), and in 3D a 3D FTI36–39. The
relevant gauge theories in the example above are of the
U(1) × U(1) or Z3 variety, leading to gapless bulk pho-
tons or no bulk gapless excitations, respectively (a non-
Abelian SU(3) gauge theory is formally possible but is
typically plagued by the problem of confinement). In
both cases the 3D FTI exhibits a quantized E
¯
·B
¯
electro-
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FIG. 3. Fractional topological insulators. Outside the ma-
terial, the three fermionic partons of charge e/3 are confined
together to form an electron. Inside the material and in the
U(1) × U(1) description, they become deconfined particles
and interact via two U(1) gauge fields (orange and magenta
wiggly lines). In the 2D phases (a) and (b), the partons ac-
quire fractional statistics. In the fractional Chern insulator
(a), there are chiral edge states of partons, while in the frac-
tional quantum spin Hall insulator (b) the parton edge states
are helical. In the 3D fractional topological insulator (c), the
U(1) gauge fields are gapless in the bulk, and there are gap-
less Dirac-like parton surface states. In the Z3 description,
the gauge field would be gapped in the bulk with vortex loop
excitations similar to those of Fig. 2(c).
magnetic response, but with a coefficient one-third that
of a topological band insulator. From an experimental
standpoint, a 3D FTI should be easier to detect than a
3D TMI because its gapless surface states are electrically
charged, leading to nontrivial signatures in photoemis-
sion, tunneling, and quantum oscillations40.
Can the fractionalized topological insulators whose
phenomenology we have described so far be reliably ob-
tained as ground states of interacting electronic Hamil-
tonians? The answer is a partial yes. In 2D, FCI ground
states have been reliably obtained as ground states of
models of spinless electrons with nearest-neighbor repul-
sive interactions via numerical studies29,30 and strong-
coupling expansions41. 2D time-reversal invariant FTI
ground states have likewise been found in numerical
studies42,43 and exactly soluble models44,45 of interacting
fermions and/or bosons (compressible, bosonic analogs of
2D FTI may have also been found in microscopic models
of interacting bosons46). Progress has also been made in
systematically designing Hamiltonians for which various
spin-charge separated states such as the CSL are exact
ground states47,48, but these are models of interacting lo-
calized spins rather than models of interacting electrons.
The challenge remains mostly open in 3D—where numer-
ical studies come at a prohibitive computational cost—
with the exception of exactly soluble models44.
Do the exotic types of order found in fractionalized
topological insulators compete or coexist with conven-
tional symmetry-breaking orders such as magnetism, su-
perconductivity, and charge-density waves? On the one
hand, if the fractionalized phase is protected by a sym-
metry that would be broken by the onset of conventional
order, then coexistence is ruled out. For example, time-
reversal invariant FTI would not generally coexist with
magnetic order—unless magnetic order occurs only on
the edge, which would preserve fractionalization in the
bulk. On the other hand, if conventional order does not
break the protecting symmetry, then coexistence is gen-
erally allowed, but need not occur.
We have discussed a few examples of fractionalized
topological insulators. While a list of specific mate-
rials that would harbor such phases is currently lack-
ing, materials that combine the fundamental ingre-
dients of strong spin-orbit coupling and strong elec-
tron correlations—such as the pyrochlore iridates49 and
samarium hexaboride50—do exist and are currently un-
der intense experimental study. Such materials, as well as
systems of ultracold atoms subjected to synthetic gauge
fields, may unveil entirely novel quantum phases of mat-
ter, topological or otherwise.
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